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1. Introduction 

Let A - - { a l ,  ... ,an} be a finite set of integers and A + A =  {ai + a j }  as usual. 
G. Freiman discovered in the late sixties that  if A + A  is small compared to A then 
A has a certain structure. There are a few different ways (not all equivalent) of 
stat ing his result. The next one with a very elegant proof can be found in the recent 
work of I. Z. Ruzsa [2]. 

Freiman's  theorem.  Let  A = { a l , . . .  ,an} be a finite set of integers. I f  IA + A[ <_cln 
then there are integers d, qo,.. . ,qd, X I > 0 ,  ..., Xd>O, and c2>0  such that 

(1) A C {qo-4-qlXl-b...-~-qdXd [0 < x I .( X l , . . .  ,0 < x d < X d ) , X l . . . X  d < c2n , 

furthermore d and c2 depend at most on c 1 . 

In other words if A + A is small then A can be covered by a not much bigger 
multidimensional ar i thmetical  progression. (Here and in the sequel all s tatements 
are understood for sufficiently large n compared to the actual constants Cl, c2, .... In 
many  instances constants with higher indices can be calculated from constants with 
lower indices.) This theorem gives information about A whenever we have control 
over all sums ai-k aj. In many  cases, however, we have only control over some of 
the sums ai q-aj. One example is a problem of P. Erd6s. Let A = { a l , . . .  ,an} be a 

finite set of integers. Suppose tha t  A contains at least c3n 2 three-term ar i thmetical  
progressions. Does it follow tha t  A contains a k- term arithmetical progression for 
any k if n is large enough? The condition can be expressed as the equation 

(2) ai -4- aj ---- 2am 
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has at least c3 n2 solutions in A and this implies that  at least c3 n2 of the sums 
ai + aj fall into a small set, namely into 2A = {2am I am E A }. Actually, any linear 
equation in three variables serves equally well in place of (2), or any linear equation 
in ~ > 3 variables if it has at least c4 ns  solutions. Our main theorem reduces this 
type of situation to the all case by showing that  a large subset A t C A satisfies the 
condition of Freiman's theorem. 

The next Proposition expresses our main condition in three equivalent ways. 

Proposition. Let A =  {a l , . . . ,  an} be a finite set of integers and s(x ) = ~ { x =ai+aj }. 
Consider the next  three statements. 

(C1) }-~(s(x)) 2 ~_c5n 3. 
x 

(C2) There exists 3?CZ, IXl >_~n such that s( x ) >_ c7n f o r  x 6 X. 

(C3) There exists ] C [1,n] x [1,n], [~[ >c8 n2 such that r + a j  I ( i , j  ) E ] }  
c9n. 

I f  any of  these conditions holds for some positive constants ci and for all sufficiently 
large n then so do the other two for some positive constants cj calculable from the 
ci and for a11 sufficiently large n. 

The proof of this proposition is a straightforward use of the trivial facts. 

(3) s(x) <_ n; E s ( x )  = n2; E ( s ( x ) ) 2  < n 3, 
x 

we leave the details to the reader. 

Theorem. Let A = {a l , . . . , an}  be a finite set of integers. I f  any of the conditions 
(C1), (C2), or (C3) is satisfied then there are positive constants clo and Cll and a 
subset A' c A  such that  [A'] >_clon and [A' + A'[ _<ella. 

Combining this result with Freiman's theorem we get the next corollary. 

Corollary. Let A = {a l , . . .  ,an} be a finite set of integers, f f  any of the conditions 
(C1), (C2), or (C3) is satisfied then there are a positive constant c12 and a multi- 
dimensional arithmetical progression of the form (1) containing more than c12n 
elements of  A. 

Now the affirmative answer for Erdhs problem follows the above Corollary via 
Szemer4di theorem [3]. 

Szemer~di theorem. Let  A C [1,n] be a set of integers with IAI > c13n. For any 
integer k > 3 there is a k-term arithmetical progression in A i f  n > n0(k, e l 3  ) �9 

Actually, in this line of argument, Freiman's theorem can be substituted by 
something weaker, see Ruzsa [1] about an effective connection between arithmetical 
progressions and the number of sums. Note that the result can also be obtained 
directly, see [5]. 

Acknowledgement. The first named author is thankful to Prof. I. Z. Ruzsa and 
Prof. A. Hildebrand for useful conversations in the topic. 
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2. The Regularity Lemma 

The proof is based on a graph theoretical lemma of E. Szemer6di, see [4]. We 
introduce some notations. Let G=G(V,E)  be a graph with vertex set V and edge 
set E.  Given two subsets U, W of V we denote by E(U, W) the set of edges joining 

we put A(U, W) = ~ W ~ "  This is the density of edges joining U to W and 

U t o  W. 

Regularity Lemma. For any ~ > 0 there exists an integer K(~) such that for 
any graph G = G(V, E) the set of vertices V can be divided into disjoint classes 
Vo,V1,.. . ,VK for some K <_ K(r with the properties Iv l <  lVI i f  i = O,. . . ,K,  
I~l = IVjl i f  i = 1 , . . . ,K ,  j = 1 , . . . , K  and for all but eK 2 pairs (i,j), i < j the 
following condition holds. Whenever Ui c Vi, ]Uil >~1~41, Uj c v j ,  [Ujl > ~tYjl we 
have la(U , uj)  - A(v , y )I < , .  

This lemma says that  after omitting not too many edges any graph can be cut 
into very regular bipartity graphs. Note that  an earlier version of the Regularity 
Lemma plays a crucial role in the proof of Szemer6di's theorem. 

3, Proof  of the Theorem 

Let A =  {al , . . . ,an}  be a finite set of integers and s ( x ) = # { x = a i + a j } .  We 
assume that  (C2) holds (and then so do (C1) and (C3) by the Proposition), i.e. 
there exists X C Z ,  1371 >c6n such that  s(x)>_eTn for xEX.  We have that  

i3Y]cTn <- E s(x) < E s(x) = n 2, 
xEX x 

which implies 

1 
(4) c6n _< IXl < - -n .  

c7 

We consider the graph G =  G(V,E), where V = A  and E =  U E(x), E(x )=  
xc3Y 

{{ai,aj }lai +aj =x}.  Note that  E(x) is a set of at least ls(x)  vertex independent 
edges (in the definition of s(x) we did care the order of summands) and the edge 
sets E(x) are pairwise disjoint. We say that  an edge has "color" x if it belongs to 
E(x). Thus we have 

(5) [E[ > ]oT]2n > -~-~----Zn2. 

Put  e = - ~  < 1-~ and apply the Regularity Lemma to G. We get a partition V = 
VoUVIU.. .UVK. Put  ] ~ ] = M < ~ n  for i - - 1 , . . . , K  and note that  (1-e)~-_<M_< 
~-. We define for x E ~ ,  i = 1,...  ,K,  j =  1,... ,K.  

V/(x) = {a E V/ I there is a b e V such that  {a, b} C E(x)}, 
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IE(x)n E(X~,Vj)I, if IV~(x)l > ~M and IVj(x)l > eM; 
f(x,i ,j) = O, otherwise. 

In other words V/(x) is the set of vertices of E(x). in V/and f(x,i,j) is the number 
of edges of "color" x joining ~ to Vj whenever there are many vertices of E(x) in 
both ~ and Vj. Finally let ] be the set of those pairs ( i , j ) ,  1 < i < j < K which 
are not among the at most eK 2 exceptional pairs given by the Regularity Lemma. 
Using the trivial bounds IE(U,W)I < IUI IWI and IE(x)ME(~,V)I < ]~(x)l  we have 

I E I ~  f (x , i , j )+ ~ ~ IE(x) nE(V~,V)I+IE(Vo, V)]+ 
xEX (i,j)E] xEX 1<i</( 

IYd~)l<r 

+ ~ I E ( � 8 8 1 8 8  ' ~ .  IE(V~,Vj)I 
l<i<K l(_i<j(_K 

<-- E E f(x,i ,j)+]X[en+en 2 + KM 2 +eK2M 2, 
xCX (i,j)~Y 

which implies by (4) and (5) that  

c6c7 n2 
(6) E E f(x,i,j) > - -~  . 

x~X (~,j)~ 

We can fix a pair ( i , j ) E ]  such that  

c6c7 

xEZ 

There are two important  conclusions of (7). On one hand we have 

( 8 )  > - 7  ' i .e .  ___ 

on the other hand, as f(x,i,j)<_ IVil < ~, we have 

(9) IX'I > -~--n,C6C7 where Xt = {x E X lf(x, i, j) > 0}. 

By the definition of f(x,i,j) we have for any x E X '  that  ]V/(x)] > e M > _ e ( 1 - v ) ~ - .  
For any (not necessarily different) Xl E X '  and x2 E X'  the Regularity Lemma 
implies that  ] A ( ~ ( X l ) , V j ( x 2 ) ) - A ( ~ , V j ) I  <e  and then from (8) we have 

(10) 
3 5 

_ _ 160K z �9 

160K2 n Next we will show that  3 = X t + X '  is small, namely 131-< ~ �9 For any 

z E 3 we fix a representation z = xl  +x2 ,  where Xl E ~ '  and x2 E3~'. For any z E 
3 we associate a set fftz C Z 3 in the following way. Let z -- Xl + x2 be the fixed 
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representation of z, let {bl, b2 } be an edge joining ~ (Xl) to Vj (x2), there is exactly 
one edge in E (x l )  (resp. E(x2)) with vertex 51 (resp. 52), and let e l  (resp. a2) be 
the other vertex of this edge. We set (bl +b2,al,a2)Eg~z. More formally we set 

r = {(x, al,a2) Ix E X ,  al �9 A, a2 �9 A, there is {bl,b2} �9 E(Vi(xl) ,Vj(x2)) ,  

bl �9 ~/i(Xl), b2 �9 Vj(x2), x -- b I -4- b2, a l  = Xl - bl, a2 = x2 - b2}. 

We have by (10) 

35  
(11) lg~zl = IE(Vi(Xl),vj(x2))] > c~c~ n2 

- 160K 2 ' 

and the sets 9~z are pairwise disjoint since (x,al,a2)�9 implies x + a l  +a2 = z. 
On the other hand the total number of such triplets cannot exceed IX I [A] 2. Thus 
we have by (4) and (11) that  

3 5  

~ " ~  _ _ C 7  

ze3 ze3 

remember (9) and that  3 = X " + X ' )  that  we have found an X'  c X  which means 
with 

(12) 

Finally let E '  = 

c6c7 160K 2 
IX'l > - ff-n, Ix' +x ' l  < - -z :Tn .  

~6 "7 

U E(x)  and G' = G(V,E')  C G. We have IE'[ > ~ n l X '  [ > 
xEX' 

0 ~ n  2 and then there is an a0 E A such that  at least ~0---~n edges of "color" E X'  
start  from it. The set of the other vertices of these edges will be suitable as A'. 

G6C 2 
Indeed , [A'] > 1--ff~n and if ai E X ,  aj EA'  then ao+ai EX' ,  ao+aj  EX'  and thus 
2a0 + ai + aj E X t -4-X I. (The indices i and j are arbitrary here, independent of their 

formerly fixed values.) This proves that  [A t + At[ < IX' +X'[  < 160K2 n - ~ �9 
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